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Abstract 

Using the reviewed Riemann-Liouville fractional derivative we de- 

ak , 

fine the bundle E = Osc (M) and highlight geometrical structures 
with a geometrical character. Also, we introduce the fractional oscu- 
lator Lagrange space of k order and the main structures on it. The 
results are applied at the k order fractional prolongation of Lagrange, 
Finsler and Riemann fractional structures. 
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1 Introduction 

It is known that the operators of integration and derivation have geo- 
metrical and physical interpretations and they were used in the modelation 
of problems from different domains. The use of reviewed Liouville-Riemann 
integration and derivation operators lead to fractional integration and deriva- 
tion. The geometrical and physical interpretation is suggested by the Stielt- 
jes integral and it was done by I. Podlubny [7]. There is a vast bibliography 
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which contains the properties of fractional integral and derivative and the 
analysis of the processes which are modeled with their help [2], [5], [8]. 

A lot of models which use the fractional derivative are defined on an 
open set in M n . In this paper we present the fractional derivative taking into 
account the geometrical character, namely the behavior of associated objects 
under a change of local chart. 

The outline of this paper is as follows. In Section 2 we describe the 
reviewed fractional derivative on H. using [2], [5], the fractional osculator 
bundle T a (M) on a differentiable manifold and the behavior of introduced 
objects under a change of local chart. In Section 3, we define the fractional 
osculator bundle of k order using the method presented by R. Miron in [6]. 
We introduce: the Liouvile fractional vector fields, the a k-fr actional spray 
and the fractional nonlinear connection. We prove that these objects have a 
geometrical character. Our findings are analogous with R. Miron's results for 
the fractional case. In Section 4 we describe the fractional Euler-Lagrange 
equations for fractional osculator Lagrange spaces of superior order. The 
results are applied for the k-order fractional bundle prolongation of Lagrange, 
Finsler and Riemann structures. 

The main results from the present paper were used in [3] and [4] for 
the study of some fractional geometrical structures and they will permit the 
study of other structures of this type. 

2 The fractional derivative on R. The frac- 
tional osculator bundle on the differentiable 
manifold. 

2.1 The fractional derivative on R 

Let / : [a, b] — > K. be a derivable function and a G M, a > 0. The 
functions: 



a 



D?f(t) 



T(m — a) 
1 



1 



dr [\t-sr—\f( S )-f(a))ds 



D%f(t) 



T(m — a) 



(-|) m J\t- s r-«-\f{s)- f(b))ds, 
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are called the left respectively the right Liouville Riemann fractional deriva- 
tives of function f, where m G N* with m— 1 < a < m and V is Euler Gamma 
function. 

In general, the operators a Df, t D% do not satisfy semigroupal properties 
with respect to the concatenation operation. Thus, we define the derivative 
operators on the function spaces where the semigroupal properties hold. 

The functions: 

ww= ! ^^(|r/jt-^r^ 1 (^)-^(o))^, og (-00,0 

1 d r°° 

*D?f(t) = - -A~ T T (s-t) m ^ 1 {x(s)-x(0))ds, 0G(f,oo) 

1 ym—ot) dt J t 

are called the left, respectively the right fractional derivative of a order for 
function f. 

If supp(f) = C(a,b), then D?f(t) = a D?f(t), *D?f(t) = t D?f(t). 
We define the seminorms: 



Mj£(R) = \ \D?\\ L 2(R), \ x \j%(R) = \ \*D?\\ L 2( R ) 
and the norms: 

IM|j£(i?) = (lkllL2 (R) + |k||j°(Ji) = (Ikllla^) + Mj«(fl))> 

where Jf,{R), respectively J R {R) denotes the closure of Cfi°(R) with respect 
t0 II • respectively || • ||jg(fl). 

From the above definitions we have the following [2]: 

Proposition 2.1. 1. Let I C R and J£ j0 (J), J R0 (I) be the closure ofC^(I) 
in accordance with the respective norms. Then, for any f G jf (/) ; < a < 
f3, respectively for any f G J R (I), < a < [3, the relation 

D?f(t) = D?Dt a f(t), 
respectively, the relation 

*D?f(t) =* DrDt a f(t) 

holds; 



3 



2. If lima n = p G N*, then 

n—*oo 

Urn (D?f(t)) = D p J(t), Urn (*D^f(t)) =* D^(t); 

3. (i) If fit) = c,te [a,b], then D?f(t) = 0; ^ 

(ii) If .h(t) = t\te [a,b], then Dff^t) = *J + 7) ; 

4- If f\, fi are analytical functions on [a,b], then: 

D?{hf2){t) = jr ( i ) Dr k h(t) (4) /»(*), 

d\ k d d 



5. 



where [ — = — o ... o 

dt dt dt 



" h{t)D?f 2 {t)dt = - t f 2 {tYDUi{t)dt- 



6. If f : [a, b] — > R zs analytical and G (a, 6) £/jen 

oo 

/(t) = X)^(* h ) £, t°*/(*)u, 



/i=0 



where E a is the Mittag-Leffler function, E a (t h ) = ^2 



ft f T(l + ah) 

2.2 The fractional osculator bundle 

Let a G (0, 1) and M a n-dimensional differentiable manifold. The pa- 
rameterized curves on M, ci, C2 : I — > M, with G /, Ci(0) = 02(0) G M have 
a fractional contact a in x if the relation 

D?(fo Cl )\ t=0 = D?(foc 2 )\ t=o (1) 

holds, for all / G ^(^7) and x G £/, where U is a local chart on M. 

Preceding equality (1) defines a relation of equivalence. The classes [c]° 
are called the fractional osculator space in x , which will be denoted by 
Osc^(M)=T«(M). 
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Let T a (M) = [J T" o (M) and ir a : T a (M) -> M, given by 7r a [c]^ o = 

x . There is a differential structure on T a (M) and (T a (M), vr a , M) is a 
differentiable bundle space. 

If U is a local chart on M with xq G U and c : / — > M is a curve given by 
= £*(£), i = l..n, t E I, then [c]° is characterized by: 

x *(t) = x*(0) + — ^ r A Q ^i*=o, * G (-e, e). 
1 (1 + a) 

The coordinates of [c]£ on (7r a ) -1 (l7) C T x a o (M) are where 
1 (1 + a) 

From Proposition 2.1 and and the definition of T a (M) we have: 

Proposition 2.2. J. 7/0 < a < (3 then T {a \M) C T^(M); 
2. If lima n = 1 toen limT {an) {M) = T(M). 

n^oo n^oo 

Let (x l ), i = l..n be the coordinate functions on U and (dx l )i=i„ n be the 
base of 1-forms T) l (U) and ( S— ) the base of the vector fields X(U). 

For / : U — > K and a G (0, 1), the fractional derivative with respect to x % is 
defined by: 



D a xi f(x) = 

1 9 f xi f(x 1 ,...,x^ 1 ,s,x iH ,...,x n )-f(x 1 ,...,x i - 1 ,a\x m ,...,x n ) 



{l-a)dx^ ] ai 



ds 

Y{l-a)dx i ) al {x l -s) a 

(2) 

where C/ ab = {i G (/, a ! < i 1 < 6 l , % = l..n} C £/. 
From (2) we have: 

(x i ) j ~ a T(l + a) 
Proposition 2.3. 1 ///* = (x^ then {D^f[){x) -- ' 



r(l + 7 -a) ' 

3. irar; f)(x) = D«(D«f)(x), ij = i..„. 



1(1 + 0!) 
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We consider the functions (x l ) a G 3(U) and d(x l ) a = a(x l ) a 1 dx l e 
z = l..n. The fractional exterior derivative is the operator d a : 
3(U) -> !D 1 (?7) given by [1]: 

d a f^d{xrD a xi {}). 

Let £>£ : D 1 (i7) -> D^C/) be the operator given by: 

D^ajdxi) =jr(l) D:r\a 3 ) (^-) " (<&). (3) 



From (3) and 



we obtain: 

D«(a 3 dx j ) = D«( aj )dx j . (4) 
Let d a : D 1 (C/) — > 2) 2 (£7) be the operator given by: 

d a ( aj dx j ) = d^Y A D% aj dx j ). (5) 

From (4) and (5) we can deduce: 

d a { aj dx 3 ) = D^( a] )d(x l ) a A ^ 
d a (b j d(x j ) a ) = D^{bj)d{^) a A cV) Q . 



(6) 



Proposition 2.4. Le£ U, U, UnU ^ be two charts on M, x E U DU and 

the change of local chart given by: 

( dx 1 \ 

x l = x\x 1 , ...,x n ), rang I J = n. (7) 

With respect to (7) the following relations: 

d(x i ) a = j i j (x,x)d(x j ) a 
D«=Ji(x,x)D« 
J i j (x,x)-J{(x,x) = 5 i k 



J)(x,x) = (xT ' 



dx j (x j ) l - a ' 
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hold, where 

Let X a (U) be the module of the fractional vector fields generated by the 

a 

operators {-D°i}i=i.. n - A fractional field of vectors X G X a (U) has the form 

a a . 01 . 

X = X % D"i, where X 1 G 5F([/),i = \..n. Under a change of local chart it 

a 

a . 

changes by X 1 = J l j (x,x)X J . 

The fractional differential equation associated to the fractional field of 

a 

vectors X is: 

D?x\t) = X^xit)), i = l..n. (8) 

The fractional differential equation (8) with initial conditions has solutions 
[2]- 

3 The fractional osculator bundle of higher 
order. Geometrical structures. 

3.1 The fractional k-osculator bundle, k > 1. 

The parameterized curves on M, Ci,C2 : / — > M, with 6 I, Ci(0) = 
02(0) = Xo G M have a fractional contact of k order in x if for any / G ^(U), 
the following relations: 

Dr(f o Cl )| t=0 = DrU o c 2 )| t=0) a = l..k 

hold, where xq G U and U is a local chart on M. 

The classes ([c]°°) a =i..fc are called the fractional osculator space of k order 

ak 

and they will be denoted by Osc^(M) = E Xo - 

ak ak ak 

We consider E — U E xo and 7Tq : E — * M given by tTq ([c]^) a =i..k = 

xo€M 

ak ak 

x . There is a differentiable structure on E and (E, ttq , M) is a differentiable 
bundle. 
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If U is a local chart on M with xq G U and c : / — * M is a curve given by 
x l = x l (t), i = l..n, t G /, then a class ([c]"° ) a =i..fc is given by the curve: 

h 

-i-aa 

At) = **(0) + r(1 + afc) A" a ^(0| f =o, * G (-e, e). 

a=l ^ ' 
ak 

In « fe ) _1 (C/) C E, the coordinates of ([c]™)o=i..* are (x\y l{aa) ), i = l..n, 
a = l..k, where 

x i = xHO), y i{aa) = . 1 - D^xHt), % = l..n,a = l..k. 
r(l + ak) 

Proposition 3.1. Let U , U , U f]U ^ be two charts on M and 

x' = x\x 1 ,...,x n ), i = l..n,det (j^j ^ (9) 

the coordinates transformation. The coordinates transformation on {k^)^ 1 
(U P| U) are given by: 

= J)(x,x)y j ^ 

r(a(a-l)) f{aa) = + a) 3j (r («-l) y(a) + 3j. (r (a-l) > ay -(2a) + 

I (a) J I (a) J 

+ ... + ^-j)w"- 1 \if)v^ + ... + T{al f:\ 1)1 

r(ojj J r(«) 

a = 2..As, 6 = 2..A;, 6 < a, 

(10) 



where 



■I'M-y) (•'•') 

^(^(a-lJ^aCft-l)) =jD a (a(6 _ i)) ^(a(«-l)) j a> 6 = 2 ...A;, & < a, 

J}(r (a_1) ,^) = D a x3 y l{a{a ~ l) \ i,j = l...n. 



From the definition of fractional osculator bundle we can deduce that if 
limotn = 1 then /«m E = E = Osc (M). The bundle space (E,ir,M) was 

n— >oo n— >oo 

defined and studied in [6]. 
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ak 

3.2 Geometrical structures on E- 

ak ah 

Let ■ E — > E, h < k, be the projections given by: 
^ k h {x,y^,...,y^) = {x,y^,...,y^) 

, ak ah 

and the operator d a vf h : 1 a {E) -> X a (£): 

dX£ = r(i + «)«xT^ + E d(y i(aa) ) a ^5(~)),ft < fc, 

a=l 

where X Q (_E) is the module of fractional vector fields on E- 

We consider = Kerd a/ K^, h = 0,1, k — 1 and its base given by 
{-D^(a( fc+ i)),-,-D^(afc)}, i = From the definition of we get: 

V a(fc-1) C V a(fc-2) ••• V a ^ V 

d a K k h (D a xi ) = D% dX*(£>J w ) = D« (b) , b = LA 
From Proposition 3.1 we obtain: 

Proposition 3.2. Under the change of local chart (9), the operators D°, 
D yi(aa) , i = l..n, a = l..n, change by: 



(ii) 

D a yi{aa) = £ 4 (r 6 , IT ) ^(o6) , a = 1 . . fc. 

6=1 

From Proposition 3.2 we can deduce that V™* has geometrical character. 
The following fractional fields of vectors: 

f = y l{a) D a yl{ak) 

2a T(2a 



T(a) (12) 



f-m I a)v i(a) D a , . I r( - 2a K^«) D «, ,+ | T ( a ( k - 1 )) v Hak) D a 



are called Liouville fractional fields of vectors. 

aa 

From (10) and (11) the fields T , a = l..k have geometrical character and 

a , 2a ak , 

revs* revf, reVj M . 

afc ak ak 

The operators J : X a (E) — > X Q (£') with the properties: 

J(Dxi) = D°i( a ), j(Dy i(aa) ) = Dy l(a(a+1)) , a = l..k — 1, j(Dy i(ak) ) = (13) 

is called aA; fractional tangent structure. 
From (11), (12) and (13) we have: 

Proposition 3.3. ak -fractional tangent structure has the following proper- 
ties: 

ak 

1. J has a geometrical character; 

ak ak ak 

2. rang(j) = kn, J o ... o J = 0; 

ak ak a(k— 1) afc 2a a ak a 

3. j(r)= r , j(r) = r, j(r) = o. 

ak ak 

The fractional field of vectors S Gl a (£) is called aA;-fractional spray if 
J(S) = F. From (12) and (13) we obtain the form of S- 



s = r(i + «y (Q) ^ + ^y i(2Q) ^ (a) + -+ 

(14) 



Proposition 3.4. T/ie ak-fractional spray uniquely defines the fractional 
differential equation given by: 

Wfc+i) na^ rn ± n Yj._n\n«f! 



T(l + aife) 



D" 1 V(£) + G*(a;, D t a x, T(l + a(ife - 1))A x) = 0. 



Let N be the submodule of X a (E) so that: 

a a ^ ak ak 

X Q (-E , )l(7r« fc )- 1 (C/) = ^ ©Vq j^afc)-!^). 

The submodule N is called fractional nonlinear connection. 
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We consider l ak : X^{U) -> X a {E )l K *)-i (t /), F*(£>£) = A« fe , i = L.ra, 
where 



it 

QO- 



a=l 

From (11) and (15) we obtain: 



aa . 

The functions (Nl)ij=i.. n ;a=i..k are called the coefficients of fractional non- 
linear connection. 

ak 

Let K be the vertical submodule given by: 

ak ak ak ak 

No = N,N.= J(^ 1 ),o = l.l-l, (16) 

where Jsf is the submodule defined by fractional nonlinear connection. 
From (16) we have: 

ak ak ak . 

X a (E)\ (7TSk) -i {u) = No © ... © ttfc-i © Vf\ {7r g k) - 1{u) , UcM. (17) 

In what follows we will use a base adapted to the decomposition (17). 
Then: 

Ay»(fc) = J(A"j ), A^ (Qa) = J(A° i(o _i)), a = 2.. A;, D^ a) , i = l..n, 

with 

A£? G No, A$ ao) G Na, a = 2..fc - 1, £>£ (a) G Vg*, i = L.ra 



and 



A^iCa) = D yi(a) — NiD yi{2a) — ... — N iD yj(ak) 

ak a(k—l). 

Ayi(2a) = D yi(2a) — ... — N iD yj(ak) 

ak a . 

Ayi(a(k-1)) = -D^ifcffc-l)) — NiD yj{ak) . 
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The dual base of (18) is: 

°SyM = d(y l ^) a + M)d{x j ) a 

CX Ay CX L ^ ( V 

5y i(2a) = d(y^) a + M^diy^r + M}d{x j ) a (ig) 

cxk cx cxk 

5y i{ak) = d ( y i{«k)y + M iM y i{*{k-l))y + ... + M*d{x>) a , 



where 



a . a . 2a . 2a. a . a , 

M} = N), M) = N) + NlNj 



ak. ak. a{k-l) a a . a(fc-l) 

M} = A/"} + iVft ivj + • • • + N l h N j. 

aa . 

The functions Mj, a = are called dual coefficients of fractional nonlinear 
connection. 

From (14) and (19) we obtain: 

ak 

Proposition 3.5. A ak- fractional spray , S , with the components G % {x, 
y( a \ y( ak ^), determines a fractional nonlinear connection with the dual 
coefficients given by: 

M) = D a ylia) G l 

2a. rfct) a k a ■ a . a , 

^i = f^(5(M5) + M]Mj) 

ock T(a(k - 1)) afe a(fe-l) a Mk-1) 

M)= r(ak) {S{ M > )+Ml M 5)- 

afc 

We consider the adapted base given by (18) and the operator £ defined 

by: 

ak ak ^ a ^\ a ^ 

(20) 



afc «/: v (°*),. a* 

i(af>) 



La^ ^IAjjh) = C *jiA y h( a a) , a = 0,1, k, b= l..k, 
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(ak) (ab) 

where y l( -°> = x l . The coefficients ( L j i} C %) are called the fractional coef- 
ficients of linear connection N. 

A distinguished fractional tensor field of type (0, k) is given by the fol- 
lowing expression: 

ak ak ■ m\ a ^ ■ i \ a ^ ■ i 1 ^ 

9 = 9 i 0ll .., k d(y H,i ) ) a ® Sy tl(a) ® • • • ® 5y lk(ak \ 

where Sy^ aa \ a = 0..k are given by (19) and y 1 ^ = x\ 

The covariant derivative with respect to fractional nonlinear connection 

ak 

N of 9 is defined by: 

ak _ a t ( ak \ (a T k) j ak 

, ak , ak, , ak, , 

ak _ a J n ak \ — n h n ak _ - n"- n ak 

y (« 6 ) — L\ y m( a b) yy ioil ...i k ) u i im yi h...i k '" ( ~>i k myi ...h- 

ioh...i k | m 

ak 

A fractional metric structure on E is a fractional field of tensors of type 

ak ak . . ak , , . , , 

(0,2), g = g i jd(x' t ) a ®d(x :1 ) a , with g ij(x, y (a \. ..,y ( which is symmetric 
and positively defined. 

ak 

The fractional Sasaki lift of g is the fractional field of tensors given by: 

k 

ak ak . . x — -\ ak ., N ., >. 



g = 9iA x T ® d ( xJ T + 9 iJ 5 y i{a) ® V (a) 



a=l 

If: 

afc ak 

9 ij\ m = o, g ak =0 

| m 

hold, then the fractional linear connection (20) is called metrical. 

ak 

Proposition 3.6. On E there is a unique metrical fractional linear connec- 

ak 

tion N with respect to metrical structure G with the property: 

(ak) . (ak) . (an). ( aa ) . 

L }i = L \j, C ]i = C lj, a = l..k. 
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(ak) (ak) 

The coefficients L )i, C )i have the expressions: 

(ak) . \ak. ak ak ak ak ak ak 

L) x = -9 ls (A x i 9si + A x i 9 js - Ax» 9 jt ) 

(aa). \ak. ak ak ak ak ak ak 

C ji = -9 ts (Ay3( aa ) 9 si + AyKaa) 9 j S — A y s{ a a) 9 ji) , a = 1 . . k . 

ak 

4 Lagrange space L. Applications. 

4.1 The fractional Euler-Lagrange equation. 

A fractional Lagrangian of k order, k G N*, on the differentiable man- 

ak ak . . , , 

ifold M, is a differentiable map L : E -> R on E = {(x, y^ a >, y^ aa >) G 

ak ak .. . 

_E, rcmg| | = 1}. Also, L is continuous in the points of E for which y li > a > 
is zero. Then, 

9ij (x,y( a \...,yW) = ±D° (a) D« (a) L 

ak 

is d- fractional field of tensors on E- The Lagrangian L is regular if rang(gij) = 

ak 

n on E- 

Let c : t G [0, 1] — > (x % (t)) G M be a parameterized curve so that Imc C 

ak a k 

U, where U is a chart on M. The extension of curve c to E, c , is the following 
differentiable map: 

c:*6 [0, 1] - ...,?**>(*)) G E. (21) 

The action of L along the curve c is given by: 

Jfc)= r L(x(t),y^(t),...,yW(t))dt. 
Jo 

Let c £ : t G [0,1] — > e)) G M be the family of curves so that 

Imc £ C C/ and c e (0) = c(0), ^^(O) = ?/( aa )(l) = 0, a = l..k - 1, where e is 

a sufficiently small number in absolute value. The action on °c e is: 

I{t)= f L(x £ (t),yi a \t),...,yi ak \t))dt. 
Jo 
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A necessary condition for I(°c) to be an extreme fractional value for l(c £ ) is: 

D?I(Ce)\e = 0. 

By direct calculus we obtain: 



Proposition 4.1. The curve c : t E [0, 1] — > (x l (t)) £ M has the property 

that the action 1(c) is an extreme value of l(c £ ) if (x l (t)), i = l..n is a 
solution of fractional Euler-Lagrange equation: 

k 

D%L + J2(-l) a dr(D« (aa) L) = 0, i = l..n (22) 



a=l 



a 



where d? a = £ y^ ab) D a , (a(6 _ 1}) , yW = x\ a = l..h. 



A necessary condition for 1(c) to be an extreme value for I(c £ ) is: 



dl(t) 
de 



e=0 



0. 



Proposition 4.2. The curve c : t e [0, 1] — > G M /ios £/ie property 

that the action 1(c) is an extreme value of I(c*) if (x l (t)), i = l..n is a 
solution of fractional Euler-Lagrange equation: 

— + V = 0, i = l..ra, (23) 



o=l 

^ere d« = £ ?/ j(aa) ^ (a(a _ 1)); ?/ l(0) = x\ 

a=l 

Example. We consider the fractional differential equation: 
' ' " ^ -x y - a +a 1 T(l+2a)y 2a +a 2 T(l+3a)y 3a +a 3 r(l+4a)y 4a = 0. (24) 



r(l + 7-a) 

Equation (24) is the fractional Euler-Lagrange equation (22) for the fractional 
Lagrange function: 

L = x^-a l r(l+2a)(y a ) a + a 2 r(l + 3a)(y 2a ) a -a 3 r(l+4a)(y 3a ) a . 

1 + 7 — a 

15 



Equation (24) is the fractional Euler Lagrange equation (23) for the fractional 
Lagrange function: 

r\ ( 1 : - ) _ Ol r(1 + 2a){ya) 2 + ^p (l + 3a )( y 2a^2. 



r(l + 7-a)(7-a + l) 2 v Jyaj 2 

-|r(l + 4a)(^) 2 . 

Along the curve c we define the operators: 
o h 1 

Ei = D« + J2(-V a T(1 + aa) d ? a ( D y^> i = l - n 



a=l 



a=l v ' 



& = (- 1 )*r^fc) d?fc( ^ ) ' * = 1 " n 

which have the property: 

ctfc 

Proposition 4.3. The operators Ei{L), ...,Ei{L), i = l..n, are d-fractional 

ak 

fields of covectors for any differentiate Lagrangian of order ak, L, along the 
extension c of curve c. 

a ak 

d-fields of covectors Ei(L), ...,Ei(L) are called Craig and Synge d-fractional 
fields of covectors. 

a(fc-l) 

Proposition 4.4. 1. d-fractional field of covectors, E-i (L), has the form: 

a 

i = l..n, where T is given (12). 

2. The system of fractional differential equations: 

g ija{ E 1] j(L) =0, i = l..n 

determines a ak fractional spray S on the curve c , given by (21): 

aki r(tt) • • a 

G = r(i + ak)r(i + a/ J[r{D y^ k)L) - D v^ k -^ hJ = l - n - 
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4.2 The prolongation of Riemann, Finsler and Lagrange 
fractional structures to fractional bundle of k or- 
der. 

a a 

The pair = (M , g) is called Riemann fractional structure, where M is 

a cliff erentiable manifold of n dimension and g = (g^) is a fractional field of 
tensors, which means that under a change of local chart on M, the system of 

a 

functions g^ change by: 

a al ah a 

= J i (x,x)j j (x,x)9i h (x) 

a a a 

and 9ij = g^ with (g^) is positively defined. The fractional Christofel Byrn- 



es 



bols 7 ij of g are: 

% = \ a 9 ls (D«g SJ + D a J ls - /rj; ;/ ). 

a ak ak 

The prolongation of g to E is the fractional field of tensors g with the 
property: 

( to nf)(x, / a \ y W) = g (x), V(x, y {a \ y (afc) ) G (^^(EO- 
Proposition 4.5. There are fractional nonlinear connections N on E which 

a 

are determined only by g. One of them is: 
M) = r jm y {a)m , 

2a. rfo; ) a a ■ a . a . 

M) = V ^{T{M)) + M\M% 

afe. r(a(fc-l)),a «(*-!),, «:«HL 

M} = r(ajb) (r( M }) + M^ M J). 

a a 

For = 1 the coefficients of fractional nonlinear connection N on E are 
Mj = ^jhU 11 ^ an d for A; = 2 the coefficients are: 



2°, , r(«) 
T(2a) 
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a a 

The pair 5F = (M, F) is called Finsler fractional structure, where M is a 

a a 

differentiable manifold of dimension n, and F ■ E — > M is called fundamental 

a ak ak 

fractional function. We consider the prolongation of F, F : E — > K given 
by: 

(FoffK^W,..,^))^^,/")) 
and the prolongation of fundamental fractional tensor: 

given by: 

(7yo< fc )(^y (a) ,-»,y (afc) )=7y(a: > y a ). 
Let 7fj(x,^^) be the Christoffel symbols of (7ij), given by: 

where (7 is ) = (7; s ) _1 . 

The coefficients of nonlinear fractional connection (fractional Cartan co- 
efficients) are: 

a . I a. , % , x 

^ __n" jJ(a) m(a)\ 

— 2 U yi(°)\ IpmV V )■ 

ak ak 

Proposition 4.6. There is a nonlinear fractional connection on E = E\{0} = 
{(x, y( a \ y( aa )) G rang ||?/ i(Q) || = 1} which only depends on the funda- 

a 

mental fractional function F of the fractional Finsler space. One of them has 
the dual coefficients given by: 

a . a . 

M) = G), ^ 

2a . TV OL ) ct a . a . a 

M) = ^(T(M)) + GIMT), 

ak. r(a(k-l)) a a(k-l). a. a(k-l) 

m)= rU) (r( M + M n 
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a a a 

The pair £ = (M, L) is called Lagrange fractional structure, where L ■ 

a 

E -> K. 

The prolongation of L to E 1 is defined by: 

CLo 7 r2 k )(x,y {a) ,---,y iak) ) = L(x,y^) 
and the prolongation of fundamental tensor: 

k(x,y^)= 1 -D^ a) D^ a) L(x,y^) 

ak 

to E is: 

(°4 o K k )(x, y™, ..,y(°*)) = Sy^j/W). 

Considering the integral action /(c) = J^ 1 L(x(t),y( a \t))dt on a parame- 
terized curve c, the fractional Euler-Lagrange equations (22) are: 

y i ^ = G( i (x,y^),i = l..n 

where 

G l (x,^) = g^{D^D^^ - D a xm L), i = l..n 

(g lm ) = (g im ) g im = Dy i{a) Dy m ( a) L. 
The functions: 

G}(^2/ (a) ) = ^ w G ! (^ (fl) ), i, j = l..n (26) 

a a 

are the first dual coefficients of fractional nonlinear connection N on i£ which 

a a 

only depends on the fundamental function L of the Lagrange space £. 
We obtain the result: 

ak 

Proposition 4.7. There are nonlinear fractional connections on E which 

a a 

only depend on the fundamental function L of the Lagrange space £ ■ One of 

a . 

them has the dual coefficients (25), where G) are given by (26). 
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5 Conclusions. 



The study conducted in this paper takes into account the geometrical 
character of the introduced objects. In the case M = R, using the methods 
from this paper, the information concerning fractional differential systems 
which describe concrete processes was obtained in [3]. The results from the 
present paper will permit the study of other geometrical objects which are 
described with the help of the fractional derivative. 
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